In this article, we consider the exponential hedging and the mean-variance hedging in the basis-risk model. We construct hedging strategies for multiple units of claim and calculate hedging errors. We then observe how the hedge error risk increases when the investor raises trading volumes of the claim. Under our definition of the hedge error risk amount, the risk increases in a linear way, according to the claim volume for the mean-variance hedging. As to the exponential hedging, it does not, i.e., nonlinear increment. The hedging error for the exponential hedging, however, tends to have the same properties to the mean-variance hedging when either risk-averse parameter or claim volume goes to zero. We numerically demonstrate this fact. Our numerical demonstration with the results of the previous researches verifies that the indifference price converges to the mean-variance hedging cost when the claim volume goes to zero under the basisrisk model.
Introduction
In this article, we consider hedging problems for the European-type contingent claim taking into account the position of the claim on the basis-risk model. We consider both exponential hedging and mean-variance hedging for multiple units of claim. We only consider the seller's problems for convenience, the position, thus implying the sold amount, which is also called claim volume in this study. In the previous studies, the exponential hedging problems and the mean-variance hedging problems have been solved for one unit of claim. However, in practice, many financial institutions trade great numbers of derivatives. If they want to maintain the solvency margin or the capital adequacy, they should manage or control their risks taking into account their positions. Hence, it is needed to consider the hedging problems for multiple units of the claim.
The basis-risk model is a typical example of the incomplete market model, which includes the model that the underlying asset of the contingent claim is not traded in the financial market. The pricing models for the weather derivative or the derivative written on the market index are recognized as one of the basis-risk models for instance. In the complete market (e.g., Black-Scholes model), any contingent claims are perfectly replicated with traded assets, and this simultaneously gives the price of the claim. On the other hand, the value of the claim is not surly attained with traded assets in the incomplete market setting. This means that the seller of the claim is exposed to have the hedge error risk, so she/he wants to control it with her/his preference. The exponential hedging and the mean-variance hedging have independently developed in the context of finding the optimal hedging strategy for the contingent claim in the incomplete market model. The significant difference of the both approaches is whether it includes the risk preference of the market participant or not. The exponential hedging reflects the investor's attitude for the risk since it is based on the utility maximization with the exponential utility. The exponential hedging also has been developed in context of the utility indifference pricing with the exponential utility such as [1] - [8] . We use the indifference price as the initial cost of the exponential hedging. The exponential hedging approach is usually formulated to maximize the expected utility for the amounts of which the hedge portfolio exceeds the claim payoff. The mean-variance hedging, on the other hand, is a hedging criterion to minimize the hedge error measured by 2  -norm, and does not take into account the investor's preference for the risk. This problem is solved by using the projection in the Hilbert space (see [9] for more details).
These methods do not only provide the optimal portfolio strategy, but also lead the pricing rule including the selection of the equivalent martingale measure. Davis [10] , Frittelli [11] and Delbaen et al. [1] respectively developed the dual problem of the primal exponential hedging problem, and showed that the minimal martingale measure is given by their duality theories. Adding their contributions, the exponential hedging has been sophisticated as the robust utility maximization framework such as [8] . The mean-variance hedging determines the equivalent martingale measure called variance-optimal martingale measure under which the price of the claim is given by the expected value of the discount payoff, i.e., no arbitrage price.
It is recalled that we consider the hedging problems for multiple units of claim. We evaluate the hedge error risk with the squared root of the expectation of the quadratic hedge error (i.e., 2  -norm) which is also the objective function of the mean-variance hedging. It is shown that the hedge error risk for the mean-variance hedging then changes in a linear way with respect to the claim volume in this paper. The case of the exponential hedging, however, does not hold in general. The hedge error risk of the exponential hedging climbs in a nonlinear way with respect to the claim volume as our numerical results show. We call this property nonlinear increment; we demonstrate this characteristic in numerical scheme.
At this point, the asymptotic behaviors for both exponential hedging and utility indifference price have been considered in previous literatures. Ilhan et al. [4] summarized that the utility indifference price converges to the no arbitrage price with the minimal martingale measure when either risk-averse coefficient or claim volume goes to zero. This fact is shown in this article too. Mania and Schweizer [12] showed that the exponential hedging strategy with the utility indifference price converges to the strategy of the mean-variance hedging when the risk-averse coefficient goes to zero. Therefore, combining Ilhan et al. [4] , Mania and Schwiezer [12] identified that the utility indifference price converges to the mean-variance hedging cost when the risk-averse coefficient closes to zero. In fact, the variance-optimal martingale measure which is given in the mean-variance hedging coincides with the minimal martingale measure for the basis-risk model such as [13] [14] . On the other hand, Ilhan et al. [4] described that the indifference price converges to the superhedging price when either risk-averse coefficient or claim volume goes to infinity. Also, from numerical examples of [5] , one can observe that the exponential hedging takes the distribution of the hedge error/performance as same as the superhedging for the large risk-averse coefficient.
Reviewing previous researches makes us be aware that it has never verified the implication about the convergence goal of the indifference price and the exponential hedging when the claim volume goes to zero, for instance. This study considers and investigates that how the indifference price and the exponential hedging converge when the claim volume goes to zero. We implement the exponential hedging and observe its hedge error closing the claim volume zero. We then find that the hedge error of this hedging approach has linearity with respect to the claim volume for small claim volume. This property is also characterized for the mean-variance hedging as mentioned in the above. That is, the exponential hedging tends to have the same behavior to the one of the mean-variance hedging when the claim volume goes to zero. From our demonstration with the review of Ilhan et al. [4] , therefore it is interpreted that for the basis-risk model the utility indifference price converges to the mean-variance hedging cost when the claim volume goes to zero.
The rest of the paper is organized as follows: in Section 2, we set up the financial market model. We especially consider the basis-risk model. In Section 3, we solve the mean-variance hedging problem for the multiple units of claim. Also, we show the linear increment of the hedge error risk for the mean-variance hedging strategy. In Section 4, we construct the exponential hedging with the utility indifference price for multiple units of claim. In particular, we derive the exponential hedging strategy by asymptotic scheme. In Section 5, we implement the exponential hedging and numerically demonstrate behaviors of hedge error amounts for both hedging strategies. Finally, we conclude this study in Section 6.
Model

Financial Market Model
We consider the basis-risk model (or non-traded asset model). That is, there are one risky asset S (typically the stock), one risk-free asset B (typically the bank account) with zero risk-free rate and one state level Y which is supposed to be not traded in the financial market. For instance, as to the weather derivative case, Y corresponds to a weather index such as the average temperature. Let us set the value process for above instruments. The uncertainty in this market is characterized by a probability space ( ) :
We use European put option in the numerical example. The hedging strategies are constructed by the self-financing rule. That is, the hedge portfolio value
with the hedging strategy κ which is the amount held in the stock S.
corresponds the initial hedging cost, it is assigned to the utility indifference price in the exponential hedging as explained in the following section. Now we give the mathematical condition of κ , i.e., admissible policy. 
Equivalent Martingale Measure
For two-dimensional predictable process ( ) 
We assume that ( ) 
Defining an equivalent probability measure P λ by ( )
λ is an equivalent martingale measure. Under P λ measure, the risky asset price discounted with the risk-free asset becomes a martingale. Set The density process of Q is also given by ( ) ( ) 
Mean-Variance Hedging
In the present section, we consider the mean-variance hedging strategy for multiple units of claim. The result argued in this section is a basis for the main theorem. The purpose of the mean-variance hedging is to find a hedge portfolio strategy
to minimize the hedge error with 2  -norm, i.e., to minimize
then the value process of the hedge portfolio is represented by
Our purpose is therefore to find
In the rest of the section, we construct the mean-variance hedging strategy for multiple units of claim (i.e., kH) and evaluate its hedging error (3.1).
Variance-Optimal Martingale Measure
The mean-variance hedging strategy is constructed with Galtchouk-Kunita-Watanabe decomposition of the claim H under so-called Variance Optimal Martingale Measure (VOMM). We denote VOMM by P * . In particular, the initial hedging cost 1 is given by the expected value of the discounted payoff of H under VOMM. We would like to recommend the reader to refer [9] [15] more detail explanations for the mean-variance hedging. We thus first need to specify VOMM P * . We define the VOMM according to [15] . Proof. Under the real world measure P, the discount risky asset price Ŝ is represented by using the martingale term M and the finite variation A
Then the mean-variance tradeoff process J defined by
is then deterministic. Therefore, Lemma 4.7 in [9] completes the proof.
Q
The variance optimal martingale measure P * in our model coincides with the minimal martingale measure Q. W  given in the last of Section 2.2, is also two-dimensional Brownian motion under P * .
Mean-Variance Hedging for a Unit of Claim
In this section we give the mean-variance hedging strategy. To this end, we first derive the perfect hedging strategy for the claim H under VOMM P * by reference to [17] . The value processes S and Y are respectively driven by
under P * , where
:
, 0 .
Both of ( ) :
, 0 . 
with ( )
On the other hand, by Ito's formula, we have
S y v t S t Y t v t S t Y t S t y v t S t Y t W t
then it holds
S y v t S t Y t v S y v s S s Y s S s Y s v s S s Y s W s
By comparison between (3.6) and (3.10), we have
Y t t v t S t Y t v t S t Y t S t
Theorem 3.1. (Schweizer [17] ) The mean-variance hedging strategy ( ) 
Mean-Variance Hedging for Multi-Volume Claims
In this section, we construct the mean-variance hedging strategy for the claim extending units of claim to multiple volumes.
Proposition 3.2. The mean-variance hedging strategy for k-claims is given by
. Therefore, from the first assertion of Theorem 3.1, the initial cost of the mean-variance hedging strategy is given by
is the mean-variance hedging strategy. To do this, we set
, the optimality of
From Ito's formula and the orthogonal relation between
t G t V t D t D G t D t t A t t D t G t A t D t t A t t D t G t A t D t G t t
with ( ) 0 0 I = , and shows (3.13).
Q.E.D.
Hedge Error Risk
In this section, we solve the hedging error risk measured by 
Let us consider the hedge error risk for multiple units of claim H. Define ( )
: 
Therefore, we obtain the following result from (3.16). 
Exponential Hedging and Utility Indifference Price
In this section, we construct the exponential hedging strategy based on the utility indifference price for multiple units of claim. The former has already demonstrated by [5] [6] for a unit of claim, the indifference price is used as the initial hedging cost.
Utility Indifference Price with Exponential Utility
In this section, we derive the utility indifference price as the initial hedging cost in the exponential hedging. The indifference price is derived by solving two distinct utility maximization problems. The one is so-called Merton's problem to maximize the expected utility from the terminal portfolio value, the other is one from terminal portfolio value equipped with claims. Delbaen et al. [1] and Monoyios [5] [6] considered the latter problem as the exponential hedging, in particular [5] [6] derived a hedging strategy for the claim.
In order to derive the utility indifference price, we set utility maximization problems. The market participant has an exponential utility with the risk averse coefficient 0 γ > as follows: , then π means the money amount held in the stock. We use π as an optimizer of the following utility maximization problems in this section for convenience. The portfolio value process is thus given by
We denote the set of all admissible policies π for all κ ∈  by ′  . The problem to maximize the expected utility from terminal portfolio value is given by ( ) 
with the exponential utility for the general incomplete market, where E  denotes the expectation under Q. The basis-risk model permits the explicit solutions for u 0 and u respectively with the exponential utility, this leads explicit representation of p such as [7] . On the other hand, the explicit solution of ( ) , , u t x y is solved by using an approach demonstrated by some literatures such as [5] 
The maximum of (4.6) is attained by , e e . 
T t kH t f t y E
Exponential Hedging
The exponential hedging has been considered by Delbaen et al. [1] , the value function of the hedging problem arises in the utility indifference price approach with the exponential utility, i.e., ( ) , it is convenient to use the asymptotic formula of ( ) ; p t k to obtain a closed formula of the hedging strategy. Monoyios [5] has respectively derived an asymptotic expansion of ( ) ; p t k and δ when k = 1 by the power series expansion scheme, we also provide those for the case of k > 1 by same manner. 
The power series expansion for ( ) ( )
with 1 1 x − ≤ ≤ (or equivalently 0 1 2 x ≤ + ≤ ). Applying (4.14) to (4.15) for the condition of (4.13), we have 
t k k E H T E H T E H T E H T O
ε ε     ∂ = ∂ + ∂ − ∂ +                       (4.16)
Numerical Example and Main Result
In this section, we demonstrate the exponential hedging discussed above by using Monte-Carlo simulation.
We also obtain main results of this work through the numerical simulations in this section.
Main Result
As mentioned in Section 2, we consider the hedging problems for the put option written on Y. Its payoff function is ( ) Φ e Φ , 
T t t E H T
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We obtain the exponential hedging strategy in the closed form by substituting these into (4.16). We first should check whether our model and parameters satisfy the condition (4.13). We specially select the upper of k to satisfy the condition (4.13). We use parameters described in Table 1 . 
where N is the number of simulation times. And then, we simulate
Upper bound of e 2.
H T t E
The table shows that our parameters are valid up to k = 10. The fact that Needless to say, the hedge error risk increases according to the claim volume k for both hedging strategies. We are however interested in the increment of the risk amount rather than itself. That is, how the risk amount increases according to the claim volume k? To this end, we evaluate the proportion of the risk amount for multivolume traded to the risk amount for a unit claim sold, i.e., Table 4 shows the proportion of the risk amount
for the exponential hedging and results are described in Figure 1 . At first, the risk amount increases in linear way for all k at γ = 0.001, and so do up to k = 6 at γ = 0.005, respectively. On the other hand, at γ = 0.01, it linearly increases up to k = 3, and it increases in nonlinear way after that. We note that these differences are significant by observing the bound of Table 3 . This implies that the risk amount tends to increase nonlinearly for large risk averse coefficient. Also, the risk amount linearly increases for small k independent with the level of γ.
As shown in Theorem 3.3, the risk amount of the hedge error varies in linear way for the mean-variance Table 1 . Parameters used in the numerical examples. riance hedging rather than the cases of γ = 0.005, 0.01. Such convergence has already been shown by [9] . Also, even in the case of γ = 0.01, the risk amount of the exponential hedging closes to the one of the mean-variance hedging for which k is less than or equal 3. We further add the characteristics about the increment of the risk amount for the both hedging strategies. In particular, we implement hedging strategies by varying ρ. The parameters used in this demonstration are described in Table 5 . We use parameters as same as the ones used in the previous section except of ρ. At first, we check the validity of the asymptotic formulae for the exponential hedging strategy and the utility indifference price. That is, whether the parameters used described in Table 5 satisfy (5.3) or not, as experienced in the above. Tables 7(a)-(g) shows the hedge error risk amount for the mean-variance hedging, and the graph is described in Figure 2 . From the table or the figure, the hedge error amount is concave with respect to ρ for each claim volume k. This property however is violated for the exponential hedging for large claim volume . Tables 8(a)-(g) show the hedge error risk amount for the exponential hedging, and the graph is given in Figure 3 . Obviously, the risk amount of the hedge error does not have a concave with respect to ρ at 3 k ≥ . On the other hand, the concavity is preserved for 2 k ≥ . Furthermore, we consider the linearity of the hedge error risk, the linearity is one of the characteristics of the mean-variance hedging. Tables 9(a)-(g) shows the proportion of the risk amount
for each ρ, and the graph is given in Figure 4 . From the table, the linearity is relatively preserved for around 0.0
, and it is violated when ρ leaves from zero. For example, at 0.75 ρ = − , the risk proportion increases in a nonlinear way 
Concluding Remarks
In this work, we constructed both the mean-variance and exponential hedging strategies for multiple units of claim and calculated the hedge error risks for each risk-averse level and claim volume. The hedge error risk is measured by the squared root of the expectation of the quadratic hedge error. We then characterized the nonlinear increment of the hedge error risk with respect to the claim volume for the exponential hedging strategy; that is, the hedge error risk varies in a nonlinear way with respect to the claim volume. By contrast, the hedge error risk changes in the linear way for the mean-variance hedging. Our numerical examinations verified that the nonlinear increment is reduced to the linear increment when the risk-averse coefficient and the claim volume go to zero. That is, we showed that the exponential hedging converges to the mean-variance hedging from the point of the hedge error view. As mentioned in Section 1, it has been already shown that the utility indifference price with the exponential utility converges to the no arbitrage price when the claim volume goes to zero. Hence our results with the results of the previous researches lead a perspective that the utility indifference price with the exponential utility converges to the mean-variance hedging cost in the basis-risk model.
